The diffraction of Gaussian beams on intracavity Bragg gratings is analyzed theoretically. For reasonable waists the associated beam divergence does not significantly influence the diffraction efficiency of such devices. Nevertheless, the tilt angle of the incident beam, imposed by the Bragg resonance condition, strongly reduces the diffraction efficiency at short grating periods. However, the angular selectivity can be maintained if the Fabry-Perot cavity is tuned to the incident beam direction, which allows the use of small-volume holograms together with a dense angular multiplex. This theoretical analysis can be applied to the optimization of the diffraction properties of Gaussian beams on any intracavity Bragg grating, which could then be used for freespace parallel signal processing.
INTRODUCTION
Diffraction of light on Bragg gratings has attracted much attention, both for fundamental reasons and for applications to optical signal processing. 1, 2 However, because of the low refractive-index modulations or the small thicknesses of the nonlinear material used for recording these gratings, the Bragg diffraction properties of thick gratings may be insufficient for practical applications. In such a case, as shown theoretically, 3 this inconvenience can be overcome by placing the sinusoidal grating in a FabryPerot cavity. More recently, and with an eye toward the design of practical devices, the Bragg criterion for such intracavity gratings 4 and the influence of intracavity losses or amplification 5 have been theoretically studied. Although large improvements in the diffraction properties of intracavity Bragg gratings have been obtained, 6 the experimental results nevertheless remain below the theoretical predictions. This leads us to reconsider the planewave approximation of Ref. 3 . Gaussian beams have been extensively studied 7, 8 to account for the properties of such devices as Fabry-Perot cavities 9, 10 or diffraction gratings 11, 12 illuminated by small diameter laser beams. In this paper we calculate the diffraction efficiency of an intracavity Bragg grating illuminated by a Gaussian beam. We show how reduced diffraction efficiency is related to the limited cross section and to the tilt angle of the incident beam, while the angular selectivity can be maintained if the incident beam is kept Fabry-Perot resonant. Section 2 describes the model used for the intracavity Bragg diffraction of Gaussian beams and the derivation of the analytical expression of the diffraction efficiency of such beams. Section 3 discusses the profiles of the diffracted beam. Sections 4 and 5 show the influence of the waist of the Gaussian beam on the diffraction efficiency and angular selectivity, respectively.
MODEL FOR THE INTRACAVITY DIFFRACTION OF GAUSSIAN BEAMS
We use the same configuration for the Bragg device as in Ref. 5 (see Fig. 1 ). The Gires-Tournoi interferometer is composed of two mirrors with reflection coefficients R 1 and R 2 Ӎ 1 and is filled with a medium of mean refractive index n 0 . The refractive-index modulation is given by ⌬n = ⌬n 0 cos͑K · r͒, where ⌬n 0 is the maximum index modulation and K is the thick-grating wave vector parallel to the cavity mirrors. The z axis is normal to the mirrors and the x axis is the direction of the grating wave vector. Figure 1 also shows the mean directions of the wave vectors of the different waves of wavelength involved in the nonlinear interaction: the incident read wave of amplitude R I ͑r͒ and mean wave vector k I gives rise to intracavity forward and backward waves of respective amplitudes R F ͑r͒ and R B ͑r͒ and mean wave vectors k RF ͑0͒ , k RB ͑0͒ and to the output reflected wave of amplitude R R ͑r͒ and wave vector k R . There is almost no transmitted wave in this GiresTournois interferometer. Because of the presence of the Bragg grating, the intracavity read waves give rise to forward and backward diffracted waves of respective amplitudes S F ͑r͒ and S B ͑r͒ and mean wave vectors k SF ͑0͒ , k SB S DR ͑r͒ and mean wave vector k DR which is counterpropagating to R I ͑r͒ for an incident beam set at the internal Bragg angle B (see Fig. 1 ).
For the calculation of the diffraction of a Gaussianintensity-profile incident beam, each of the intracavity and external fields is decomposed on the plane-wave basis. The amplitude at z = 0 (at the first mirror) of the incident beam of peak power P I , waist ͱ 2w 0 (at 1 / e of the maximum), and polarized along the y axis is
͑1͒
where r 0 = ͑x , y ,0͒, k RF ͑0͒ = kЈ͑sin x + cos ẑ ͒, is the intracavity incidence angle, and x , ŷ , and ẑ are the unit vectors of the respective x, y, and z axes. The complex amplitude of the incident beam in the plane z =0 is
where
is the two-dimensional spatial Fourier transform at z =0 of the incident Gaussian beam. In Eq. (2) ␦k z = ͑␦k x 2 / cos 2 ͒ + ␦k y 2 /2kЈ ensures the conservation of the modulus kЈ =2n 0 / of the wave vector to first order in ␦k z and allows us to take wave-front curvature into account.
The amplitudes of the forward and backward read and diffracted waves in the Fabry-Perot cavity are, respectively
where and Ј are the internal incidence and diffraction angles, respectively. For the elementary plane waves considered in the decomposition of all fields, the Floquet theorem restricts the possible solutions in a periodic medium. Conservation of the total wave vector along the periodicity direction x is required: 13, 14 ͑k SF,SB
+ pK, where p is any integer and where In the case of a Bragg grating, only one space harmonic has to be taken into account and p = 1. There is nevertheless a phase mismatch along the propagation direction z (see Fig. 2 ). In the plane-wave basis, the complex amplitudes can be written 
where R F,B and S F,B are the two-dimensional spatial Fourier transforms of the respective amplitudes R F,B and S F,B , and ⌬k = kЈ͑cos Ј − cos ͒ − ␦k x ͑tan Ј − tan ͒ is the phase mismatch due to the detuning from Bragg resonance. By substituting the total intracavity field E͑r͒ = R F ͑r͒ + R B ͑r͒ + S F ͑r͒ + S B ͑r͒ into the propagation equation
and using the slowly varying amplitude approximation, 15 one can derive the coupled propagation equations describing the behavior of the Fourier components R F,B and S F,B as
Equations (19)- (22) are similar to those obtained for plane waves in a lossless material, except for the term involving kЉ = ␣ / 2, which takes into account the influence of (assumed small) absorption losses, with ␣ the intensity absorption coefficient.
The resolution of this set of coupled differential equation allows us to calculate the z dependence of each one of the intracavity plane waves, thus giving
with
The boundary conditions for the plane waves coupled by the cavity mirrors with amplitude reflectivities r 1 , r 2 located at z = 0 and z = l enable us to determine totally the field amplitudes in the cavity:
R F␦k x ␦k y ͑x,y,0͒ = r 1 R B␦k x ␦k y ͑x,y,0͒ + t 1 R I␦k x ␦k y ͑x,y,0͒,
͑29͒
S F␦k x ␦k y ͑x,y,0͒ = r 1 S B␦k x ␦k y ͑x,y,0͒, ͑30͒
R B␦k x ␦k y ͑x,y,l͒ = r 2 R F␦k x ␦k y ͑x,y,l͒, ͑31͒
S B␦k x ␦k y ͑x,y,l͒ = r 2 S F␦k x ␦k y ͑x,y,l͒, ͑32͒
where 
where r ± = r F ± =−r B ϯ with reference to Eq. (27), and r 2 Ј = r 2 exp͓2i͑kЈ cos − ␦k x tan ͒L͔.
By use of the previous results it is straightforward to calculate the transmission and reflection efficiencies and transmitted and reflected diffraction efficiencies of the device; these are defined by
͑42͒
The double integrals in d␦k x and d␦k y appearing in the expressions of the efficiencies are calculated numerically by a Gauss integration method. The boundaries of this integration are adjusted for each calculated point to fit the domain where the function has nonnegligible values. The validity of the numerical calculations is confirmed by checking the energy conservation for a lossless medium ͑␣ =0͒ through the relation T + R + DT + DR = 1 for various values of the parameters. All the results presented hereafter are obtained for a read beam wavelength of 1 m. In Sections 3 and 4 we consider a Bragg grating placed in an asymmetric cavity (R 1 = 0.80 and R 2 = 1) filled by a lossless intracavity medium. The waist w 0 and tilt angle of the read beam and the thickness l of the FabryPerot cavity are used as parameters.
x AND y PROFILES OF THE DIFFRACTED BEAM
To analyze qualitatively the influence of diffraction and tilt angle of the incident beam, we first study the profiles of the diffracted beam. The y and x profiles are shown in Figs. 3(a) and 3(b) , respectively, at the maximum of the field amplitude for the other coordinate, namely, x and y. They correspond to the diffraction of a moderately focused Gaussian beam ͑w 0 = 300 m͒ incident at the Bragg angle for three values of this angle ( B = 0.01, 0.1, and 0.2 rad) on a 1-mm-thick intracavity Bragg grating. As all beam directions are located in the xz plane, the diffracted beam is centered on y = 0, and only beam divergence can modify its profile in the y direction. Actually, with the parameters used in our calculations, the normalized y profiles remain identical to those of the incident beam for the three values of B previously mentioned [see Fig. 3(a) ]. Despite the relatively high finesse F = ͱ r 1 r 2 / ͑1−r 1 r 2 ͒ = 28 of our cavity, this result is consistent with the low angular divergence related to the beam waist ͑ D ϳ / w 0 = 3.3ϫ 10 −3 ͒ of the incident read beam. In the case of tighter focusing of the read beam, the widening in the y direction has been verified through our calculations.
The x profiles of the normalized diffracted amplitudes shown in Fig. 3(b) are strongly modified as the tilt angle increases. For low values of the tilt angle ͑ B Ͻ 0.01͒ they 
DIFFRACTION EFFICIENCY
We also investigated the effect of various parameters on the diffraction efficiency of the Gaussian beam on the intracavity Bragg device. The influence of tilt angle B , average thickness l 0 of the cavity, and incident beam waist w 0 are presented in Figs. 4(a)-4(c) . On all these curves every data point corresponds to a resonance length for the Fabry-Perot device and to an adjusted index modulation to maximize diffraction efficiency when calculated in the plane-wave approximation. Figure 4(a) shows the maximum diffraction efficiency plotted as a function of the thickness of the intracavity material for two tilt angles ( B = 0.01 and 0.1) with an incident beam waist of w 0 = 300 m. A threshold thickness appears from which the diffraction efficiency starts decreasing (l Ͼ 1 mm for B = 0.01 and l Ͼ 100 m for B = 0.1). This reduction is evidently related to the diffracted beam spread [see Fig. 3(b) ] due to the multiple reflections inside the cavity. It must also be stressed that, at least for the small tilt angles considered here, the length threshold of the decrease of the diffraction efficiency is inversely proportional to B , which confirms the geometrical nature of the reduction. The value of this threshold can be related to the finesse of the Fabry-Perot device as follows. If the walk-off ͑ӍF B l͒ of the incident beam due to its multiple reflections in the cavity is greater than the beam diameter, then the cavity is no longer efficient. Figure 4(b) shows the diffraction efficiency of the intracavity grating as a function of the thickness l for two waists of the incident beam (w 0 = 300 m and w 0 =30 m) and for a tilt angle B = 0.1. The curves are very similar to that shown in Fig. 4(a) with a strong decrease of the diffraction efficiency when l ജ w 0 / F B . The knowledge of this threshold is useful in the design of efficient intracavity Bragg devices. The same behavior can be seen in Fig. 4(c) showing the evolution of the diffraction efficiency of the device as a function of w 0 for two different tilt angles ( B = 0.01 and 0.1) for a cavity thickness l 0 = 500 m.
The results shown in Figs. 4(a)-4(c) correspond to calculations performed for a refractive-index modulation ⌬n optimized at every data point for a maximum diffraction efficiency in the plane-wave approximation ( = 1 for a lossless intracavity material). However, in a practical device, ⌬n is generally fixed. It is then interesting to examine the behavior of the diffraction efficiency of the device as a function of the various parameters in this case. This is illustrated in Fig. 4(d) showing the diffraction efficiency of the device as a function of the Fabry-Perot thickness in the plane-wave approximation and for a Gaussian incident beam of waist w 0 = 300 m at two tilt angles ( B = 0.01 and 0.1). The index modulation ⌬n is chosen to maximize the diffraction efficiency for a 300-m-thick cavity in the plane-wave approximation. For a small tilt angle ͑ B = 0.01͒ the results are practically identical for the Gaussian beam and for the plane-wave approximation, even for high thicknesses of the Fabry-Perot cavity for which a decrease of the maximum possible diffraction efficiency was shown [see Fig. 4(a) ]. In the case of larger tilt angles ͑ B = 0.1͒ the diffraction efficiency at large thicknesses of the Fabry-Perot cavity is smaller than in the case of the plane-wave approximation. Moreover, because of a competition between the Bragg efficiency and the decreasing Fabry-Perot efficiency due to the beam spread, the maximum diffraction efficiency is obtained for a cavity thickness that is slightly smaller than in the plane-wave approximation. This result should be kept in mind when designing an intracavity Bragg device.
ANGULAR SELECTIVITY
In addition to the decrease in diffraction efficiency, and probably more important, is the weakening of the angular selectivity of intracavity Bragg gratings as a result of the use of small-waist Gaussian beams. Figures 5(a) and 5(b) show the normalized transmission and reflected diffraction efficiency of the device, respectively, plotted as a func- In (a)-(c) the refractive-index modulation is adjusted at every data point for maximum diffraction efficiency in the plane-wave approximation ͑ =1͒, whereas in (d) the refractive-index modulation is fixed for a maximum value at l 0 = 300 m in the plane-wave case.
tion of the Bragg detuning ⌬. The calculation is performed for plane waves and beam waists of 1000, 300, and 100 m with a nearly totally reflecting (R 1 = 0.8 and R 2 = 0.999) 1-mm-thick cavity. A 3.8-m-period grating ͑ B = 0.1 rad͒ is impressed in a lossless medium ͑kЉ =0͒ of mean refractive index n 0 = 1.3. The cavity is tuned to a read beam of mean direction B , and the value of the refractive-index modulation is chosen to obtain a maximum reflected diffraction efficiency for plane waves.
As expected the transmission curves plotted in Fig. 5 (a) widen as the beam waist decreases. This is because at small detuning values, some plane-wave components of the Gaussian beam are still resonant, even though the mean direction is not. The maximum values of the transmission and diffraction efficiencies and the corresponding angular FWHM are plotted in Figs. 6(a) and 6(b). Above the beam radius threshold previously mentioned, the behavior tends asymptotically toward that of the plane wave, but the transmission and the diffraction efficiency decrease drastically for decreasing beam waist. For w 0 = 300 m the FWHM of the reflected diffracted beam ͑Ϸ1 mrad͒ is increased by a factor of 6 compared to that of the plane wave ͑Ϸ0.17 mrad͒. Such results, which demonstrate a low angular selectivity together with a reduced diffraction efficiency, seem to preclude the use of intracavity Bragg gratings for Gaussian read beams of very small waist, at least for thick Fabry-Perot cavities.
This inconvenience can nevertheless be circumvented if the cavity is tuned to the mean incidence angle = B + ⌬ instead of B . This could be done for example by maximizing the transmission of the device. The results of the calculations performed with the same parameters as in Figs. 5 and 6, except for the tuning of the cavity, are presented in Figs. 7 and 8. The transmission is not shown, since the tuning keeps it constant at its maximum value for this cavity. Figure 7 shows the normalized diffraction efficiency DR / max plotted as a function of the Bragg detuning ⌬ for plane waves and for Gaussian beams with w 0 = 1000, 300, and 100 m. It appears that the angular selectivity is not as drastically reduced as in the case of the fixed Fabry-Perot cavity. This is quantita- tively confirmed by Fig. 8 , which shows the angular FWHM of the reflected diffracted beam plotted as a function of w 0 . Compared with the case of the plane wave (the asymptote), it is multiplied only by 2 for w 0 = 300 m, which demonstrates that intracavity Bragg gratings could be useful for applications to free-space optical parallel processing with reasonable efficiencies (20%, as also shown in Fig. 8 ).
It must be stressed that the same performance can be obtained with smaller beam waists and thinner FabryPerot cavities fulfilling the Bragg criterion 4 ͕2l͓1 The difference between the results shown in Fig. 6 and those in Fig. 8 can be easily understood if we remember that the beam is diffracted in the direction − B + ⌬ for a read beam sent in the B + ⌬ direction. Indeed, for a cavity tuned to B and consequently also to − B , the read and diffracted beams are equally coupled to the cavity when ⌬ increases [see Fig. 9(a) ]. On the other hand, when the cavity is tuned to the read angle B + ⌬ the coupling is drastically reduced for the diffracted beam in the direction − B + ⌬ [see Fig. 9(b) ], thus reducing the diffraction efficiency for this incident read beam.
CONCLUSION
The diffraction of Gaussian beams on intracavity Bragg gratings has been analyzed and compared with that of plane waves. Diffraction efficiency is not significantly altered by the divergence associated with small beam waists. At small Bragg incidence angles it is not affected as long as the walk-off of the incident beam does not exceed the beam diameter and as long as efficient interference can take place in the cavity. The thickness threshold for the decrease of diffraction efficiency is proportional to the tilt angle and inversely proportional to the read beam waist. The angular selectivity of the device is also drastically reduced for a cavity tuned to the Bragg angle of the refractive-index grating. The loss in angular selectivity is nevertheless very small for a Fabry-Perot cavity tuned to the incident beam direction because of the very bad coupling associated with the detuning of the diffracted beam in this case.
This theoretical analysis shows that efficient and freespace dense parallel optical processing can be considered with intracavity Bragg gratings. It should also be stressed that, because of its generality, this calculation can be used to optimize the diffraction properties of any intracavity Bragg grating illuminated by Gaussian beams, which could be useful for any Bragg-diffraction-based optical device. 
